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\S 2. (extensive game)






















\S 3. Nash vs. Maximin :
([7])






(1) 1: $\alpha$ , 2: $\alpha$ ,
(2) 1: $\beta$ , 2: $q\alpha+(1-q)\beta,$ $(0\leq q\leq(1+a_{3})/2)$ ( ).





$a_{3}=0$ 2 $b_{3}$ Nash
$b_{3}>1$ Nash
2 1 ( )
2 1
(output $z_{3}$ ) ($b_{3}>1$ ) $\beta$
1 ” “
(output $z_{2}$ )


















$a\wedge b\equiv{\rm Min}\{a, b\}, a\vee b\equiv{\rm Max}\{a, b\}$
1 Maximin $v_{1}$





2 (output) $z_{3}$ : $(a_{3}, b_{3})$
Nash (2) 2
Maximin $V_{2}$
$v_{2}={\rm Max}\{{\rm Min}\{u_{2}(\vec{p},\vec{q}) ; p];q^{\prec}\}$
$={\rm Max}\{{\rm Min}\{(q_{1}-q_{2})p_{1}+b_{3}p_{2};\vec{p}\};q]$
$={\rm Max}\{(2q_{1}-1)\wedge b_{3};q^{arrow}\}.$
$b_{3}\geq 1$ $q_{1}=1$ $v_{2}=1$ $b_{3}\leq 1$
$q_{1}\geq(1+b_{3})/2$ $v_{2}=b_{3}$ 1





1 Nash (1) Nash









$S_{1}=\{0,1,2, .., 10\}$ $x$ 2
2 accept (a) $\searrow$ reject (r) $(S_{2}=\{a, r\})$ .
accept 1 $u_{1}(x, a)=10-x$ , 2 $u_{2}(x, a)=x,$
reject $0$ 1 Nash
$x=0$ ( 10 ) 2 Nash
$0\leq q_{a}\leq 1$ accept
$u_{1}(0, q_{a})=10q_{a},$ $u_{2}(0, q_{a})=0$








$( v_{1}^{*}, v_{2}^{*} )$ .



















1 (1.1) 2 $B_{1}\equiv\{\alpha, \beta\}$











$T=1$ 1 $T=2$ 2
(
( )
$\P$ : $:So=\{\alpha, \beta\},$ $\mathcal{P}(S_{0})\ni\vec{p}=p_{1}\alpha+p_{2}\beta$
$0<p_{1}<1$ $\vec{p}=(p_{1},p_{2})$
$p_{2}=1-p_{1},1\leq p_{1}\leq 1$
$\P$ 1:2 : $I_{1.1}=\{(1.1))\},$ $I_{1.2}=\{(1.2)\}$ $I_{1.1}$
$=\mathcal{P}(B_{1})\ni q^{arrow}=(q_{1}, q_{2})$ , $B_{1}=\{\alpha, \beta\}$ . Il.2 $=\{(1,2)\}$
$=$ ( 1 1 ) : $S_{1}=\{(\alpha, 1), (\beta, 1)\},$
$=\mathcal{P}(S_{1})\ni q^{arrow}=(q_{1}, q_{2})$ .
( (1.1)
)
$\P$ 2: :I2.1 $=$ {(2.1), (2.2), (2.3)} $T=2$
(2.1), (2.2), (2.3) (2.2), (2.3)
: $S_{2}=\{\alpha, \beta\}$ , $=$ $=$ 12.1 $=$




$u_{1}^{(0)}$ 2 $u_{2}^{(0)}$ Nash
1 $q^{arrow}\in \mathcal{P}(S_{1})=\mathcal{P}(B_{1})$ , 2 $\vec{r}\in \mathcal{P}(S_{2})$ ,










(ii) $0\leq\forall r_{1}\leq 1$
$u_{2}^{(0)}(q^{arrow N},\vec{r}^{N})-u_{2}^{(0)}(q^{arrow N},\vec{r})=(r_{1}^{N}-r_{1})((p_{1}(b_{1}+b_{4}-b_{2}-b_{3})q_{1}^{N}+p_{1}(b_{3}-b_{4})+p_{2}(b_{5}-b_{6}))$
$=(r_{1}^{N}-r_{1})g(q_{1}^{N})\geq 0$ . (2)
$g(x)\equiv p_{1}(b_{1}+b_{4}-b_{2}-b_{3})x+p_{1}(b_{3}-b_{4})+p_{2}(b_{5}-b_{6})$
(1), (2) Nash $0<q_{1}^{N},$ $r_{1}^{N}<1$
( ) $g(q_{1}^{N})=0,$ $f(r_{1}^{N})=0$
$g(x)=0,$ $f(x)=0$


















) Aumann-Maschler([l] $(P.56 \downarrow 9)$ : “Under these






$v_{1}^{(0)}={\rm Max}\{{\rm Min}\{u_{1}^{(0)}(\vec{q},\vec{r});\vec{r}\}$ ;
$={\rm Max}\{f_{1}(q_{1})\wedge f_{2}(q_{1});0\leq q_{1}\leq 1\}.$
$f_{1}(x)=p_{1}(a_{1}-a_{3})x+p_{1}a_{3}+p_{2}a_{5}, f_{2}(x)=p_{1}(a_{2}-a_{4})x+p_{1}a_{4}+p_{2}a_{6}.$
1 Maximin $\mathcal{P}(S_{1})$ $M_{1}^{(0)}$
$M_{1}^{(0)}\equiv\{q^{arrow*}\in \mathcal{P}(S_{1});v_{1}^{(0)}={\rm Min}\{u_{1}^{(0)}(q^{arrow*},\vec{r});\vec{r}\}\}.$











$={\rm Max}\{((a_{1}-a_{3})q_{1}+a_{3})\wedge((a_{2}-a_{4})q_{1}+a_{4});0\leq q_{1}\leq 1\}$
$={\rm Max}\{f_{1}^{(1.1)}(q_{1})\wedge f_{2}^{(1.1)}(q_{1});0\leq q_{1}\leq 1\}$
$f_{1}^{(1.1)}(x)=(a_{1}-a_{3})x+a_{3}, f_{2}^{(1.1)}=(a_{2}-a_{4})x+a_{4}$
$M_{1}^{(1.1)}\equiv\{\vec{q}^{*}\in \mathcal{P}(B_{1});v_{1}^{(1.1)}={\rm Min}\{u_{1}^{(1.1)}(\vec{q}^{*},\vec{r});\vec{r}\}\}.$
















Definition 3. 1 Maximin $\vec{q}^{*}\in M_{1}^{(0)}$ 2 Maximin
$\vec{r}^{*}\in M_{2}^{(0)}$ $v_{1}^{(0)*}\equiv u_{1}^{(0)}(\vec{q}^{*},\vec{r}^{*})$ 1 $T=0$
$v_{2}^{(0)*}\equiv u_{2}^{(0)}(q^{arrow*},\vec{r}^{*})$ 2 $T=0$
1 (1.1) Maximin $q^{arrow*}\in M_{1}^{(1.1)}$
2 Maximin $\vec{r}^{*}\in M_{2}^{(0)}$ $v_{1}^{(1.1)*}\equiv u_{1}^{(1.1)}(\vec{q}^{*},\vec{r}^{*})$ 1
(1.1) $v_{2}^{(1.1)*}\equiv u_{2}^{(0)}(q^{arrow*},\vec{r}^{*})$ 2 (1.1)
Remark 1. Maximin
$v^{**}={\rm Max}\{v^{*};M_{1}\cross M_{2}\}$
([9]) $v\leq v^{*}\leq v^{**}$
(
(3.2) ).
$2\cross 2$ 2 Nash










Lemma 1. Nash $f(0)\cdot f(1)<0$ $g(0)\cdot g(1)<$
$0$
Lemma 2. Nash Nash (1)
$f(O)>0,$ $f(1)<0,$ $g(0)<0,$ $g(1)>0$ (2) $f(O)<0,$ $f(1)>0,$ $g(0)>0,$ $g(1)<0$
1 Nash $q^{arrow N}=(q_{1}^{N}, q_{2}^{N})$ $g(q_{1}^{N})=0$ , 2










Lemma 3. 1 Maximin
$f(0)\cdot f(1)<0$ $(fi(0)-f_{2}(0))\cdot(fi(1)-f_{2}(1))<0$ Maximin
$\vec{q}^{*}=(q_{1}^{*}, q_{2}^{*})$
$q_{1}^{*}= \frac{p_{1}(a_{4}-a_{3})+p_{2}(a_{6}-a_{5})}{p_{1}(a_{1}+a_{4}-a_{2}-a_{3})}$
Lemma 4. 2 Maximin




Theorem 1. Lemma 3, 4 Maximin
([9], 5)
$v_{1}^{(0)}=v_{1}^{(0)*}\equiv u_{1}^{(0)}(q^{arrow*},\vec{r}^{*})=u_{1}^{(0)}(\vec{q}^{N},\vec{r}^{N})$, $v_{2}^{(0)}=v_{2}^{(0)*}\equiv u_{2}^{(0)}(\vec{q}^{*},\vec{r}^{*})=u_{2}^{(0)}(q^{arrow N},\vec{r}^{N})$ .







Theorem 2. 1 (1.1) 1




















$4\cross 4$ bimatrix game 3
2
95
$T=0 T=1 T=2 T=3, T=2 T=3$
1, 2
$\P$ : : $S_{0}=\{\alpha, \beta\},$ $\mathcal{P}(S_{0})\ni\vec{p}=p_{1}\alpha+p_{2}\beta$
$0<p_{1}<1$
$\P$ 1: 2 : $I_{1.1}=\{(1.1))\}$ $I_{1.2}=\{(1.2)\}$
$I_{1.1}$ $=\mathcal{P}(B_{11})\ni q^{arrow}=q_{1}\alpha+q_{2}\beta$ , $I_{1.2}$ $=\mathcal{P}(B_{12})\ni\vec{r}=$
$r_{1}\alpha+r_{2}\beta$ , $B_{11}=B_{12}=\{\alpha, \beta\}$ . : $S_{1}=B_{11}\cross B_{12}$ , $=$
$\mathcal{P}(S_{1})$ .
$\P$ 2: 2 : $I_{2.1}=\{(2.1)), (2.2)\}$ I2.2 $=\{(2.3), (2.4)\}$
I2.1 $=\mathcal{P}(B_{21})\ni\vec{s}=s_{1}\alpha+s_{2}\beta$, I2.2
$=\mathcal{P}(B_{22})\ni t=t_{1}\alphaarrow+t_{2}\beta$, $B_{21}=B_{22}=\{\alpha, \beta\}$ . : $S_{2}=B_{21}\cross B_{22},$
$=\mathcal{P}(S_{2})$ .















$4\cross 4$ bimatrix game Nash
Nash $T=0$
$T=1$ Maximin
Lemma 5. $p_{1}$ Nash
(a-1) $a_{1}>a_{5}>a_{2}>a_{6}$ , (a-2) $a_{8}>a_{4}>a_{7}>a_{3},$




(a) $a_{1}=4,$ $a_{2}=2,$ $a_{3}=-3,$ $a_{4}=-1,$ $a_{5}=3,$ $a_{6}=1,$ $a_{7}=-2,$ $a_{8}=0,$
(b) $b_{1}=1,$ $b_{2}=2,$ $b_{3}=3,$ $b_{4}=0,$ $b_{5}=1,$ $b_{6}=4,$ $b_{7}=1,$ $b_{8}=0,$
(p) $1/4<p_{1}<3/4.$
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1 $u_{1}^{(0)}$ 2 $u_{2}^{(0)}$ Nash
1 : $\vec{q}=(q_{1}, q_{2})\in \mathcal{P}(B_{11}),\vec{r}=(r_{1}, r_{2})\in \mathcal{P}(B_{12})$ ,
2 : $\vec{s}=(s_{1}, s_{2})\in \mathcal{P}(B_{21}),$ $t=arrow(t_{1}, t_{2})\in \mathcal{P}(B_{22})$




1 2 $((q_{1}^{N}, q_{2}^{N}), (r_{1}^{N}, r_{2}^{N}))$ $((\mathcal{S}_{1}^{N}, \mathcal{S}_{2}^{N}), (t_{1)}^{N}t_{2}^{N}))$ Nash
(i-1) $0\leq\forall q_{1}\leq 1$ $(q_{1}^{N}-q_{1})f_{1}(s_{1}^{N}, t_{1}^{N})\geq 0,$
$fi(x, y)\equiv 2x-2y+1.$
(i-2) $0\leq\forall r_{1}\leq 1$ $(r_{1}^{N}-r_{1})f_{2}(s_{1}^{N}, t_{1}^{N})\geq 0,$
$f_{2}(x, y)\equiv-2x+2y-1.$
(ii-l) $0\leq\forall s_{1}\leq 1$ $(s_{1}^{N}-s_{1})g_{1}(q_{1}^{N}, r_{1}^{N})\geq 0,$
$g_{1}(x, y)\equiv-p_{1}x+3p_{2}y.$
(ii-2) $0\leq\forall t_{1}\leq 1$ $(t_{1}^{N}-t_{1})g_{2}(q_{1}^{N}, r_{1}^{N})\geq 0,$
$g_{2}(x, y)\equiv-3p_{1}(1-x)+p_{2}(1-y)$ .
1 Nash $(q_{1}^{N}, r_{1}^{N})$
2 Nash $(s_{1}^{N}, t_{1}^{N})$
$q_{1}^{N}= \frac{12p_{1}-3}{8p_{1}},$ $r_{1}^{N}= \frac{4p_{1}-1}{8p_{2}},$ $(s_{1}^{N}, t_{1}^{N})$ such that $t_{1}^{N}=s_{1}^{N}+ \frac{1}{2},$ $(0\leq s_{1}^{N}\leq 1/2)$ .
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$u_{1}((\overline{q}, r;s^{arrow N}, t^{7V})=2(2p_{1}-1)s_{1}^{N}+3p_{1}-1, u_{2}^{(0)}(q^{-N},\vec{r}^{N};\overline{s}^{N}, t^{7V})=p_{1}+3/4.$
Remark 4. Nash 1 2
$p_{1}\leq 1/2$ $s_{1}^{N}=0$
$u_{1}^{(0)}=3p_{1}-1$ $p_{1}\geq 1/2$ $s_{1}^{N}=1/2$ $u_{1}^{(0)}=5p_{1}-2$
$T=0$ 1 2 Maximin
$T=0$ 1 $v_{1}^{(0)}$ 2
$v_{2}^{(0)}$
$v_{1}^{(0)}={\rm Max}\{{\rm Min}\{u_{1}^{(0)}(\vec{q},\vec{r};\vec{s},\vec{t)};(\vec{s}, t^{\neg}i\};(q^{arrow},\vec{r})\}$
$={\rm Max}\{\{{\rm Min}\{(4p_{1}q_{1}-3p_{2}r_{1})s_{1}+(2p_{1}q_{1}-p_{2}r_{1})s_{2}+(3p_{1}q_{2}-2p_{2}r_{2})t_{1}+p_{1}q_{2}t_{2};\vec{s}, t\};arrow\vec{q},\vec{r}\}$
$={\rm Max}\{(4p_{1}q_{1}-3p_{2}r_{1})\wedge(2p_{1}q_{1}-p_{2}r_{1})+(3p_{1}q_{2}-2p_{2}r_{2})\wedge p_{1}q_{2};q^{arrow},\vec{r}\}$. (3)
1 $T=0$ Maximin $\mathcal{P}(B_{11})\cross$
$\mathcal{P}(B_{12})$ $M_{1}^{(0)}$
$M_{1}^{(0)}\equiv\{(q^{arrow*},\vec{r}^{*})\in \mathcal{P}(B_{11})\cross \mathcal{P}(B_{12});v_{1}^{(0)}={\rm Min}\{u_{1}^{(0)}(q^{arrow*},\vec{r}^{*};\vec{s},\overline{t});(\vec{s}, tJ\}\}.$
(3) $p_{1}q_{1}$ $p_{2}r_{1}$
$p_{1}\geq 1/2$ $p_{1}\leq 1/2$
Theorem 3.
(I) $p_{1}\leq 1/2$ $v_{1}^{(0)}=5p_{1}-2,$ $M_{1}^{(0)}=\{(\overline{q}^{*},\tilde{r}^{*});p_{1}q_{1}^{*}=p_{2}r_{1}^{*}\}.$
(II) $p_{1}\geq 1/2$ $v_{1}^{(0)}=3p_{1}-1,$ $M_{1}^{(0)}=\{(\tilde{q}^{*}, r^{\wedge});p_{1}q_{1}^{*}=p_{2}r_{1}^{*}+p_{1}-p_{2}\}.$
2 $v_{2}^{(0)}$ Maximin 1
2 $T=0$ $v_{2}^{(0)}$
$v_{2}^{(0)}={\rm Max}\{{\rm Min}\{u_{2}^{(0)\prec}(\vec{q,}\vec{r};\vec{s}, t);(\vec{q},\vec{r})\};(\vec{s},\overline{t})\}$
$={\rm Max}\{{\rm Min}\{p_{1}(s_{1}+2s_{2})q_{1}+p_{1}(t_{1}+4t_{2})q_{2}+3p_{2}s_{1}r_{1}+p_{2}t_{1}r_{2};(q^{arrow},\vec{r})\};(\vec{s}, t)\}\prec.$
$={\rm Max}\{p_{1}(s_{1}+2s_{2})\wedge p_{1}(t_{1}+4t_{2})+3p_{2}s_{1}\wedge p_{2}t_{1};(\vec{s}, t)\}\prec$. (4)
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2 $T=0$ Maximin $\mathcal{P}(B_{21})\cross$
$\mathcal{P}(B_{22})$ $M_{2}^{(0)}$




Remark 5. Nash Maximin 1
Maximin 2 Maximin
Maximin
Definition 4. $T=0$ $n(n=1,2)$ $v_{n}^{(0)*}$





Nash $u_{n}^{(0)}(\vec{q}^{NNN^{arrow}}\vec{r};\vec{s}, t^{N}),$ $(n=1,2)$ Maximin
$T=0$ $v_{n}^{(0)*},$ $(n=1,2)$ (
)
Theorem 5.
( $N$-1) $u_{1}^{(0)}(q^{arrow N},\vec{r}^{N} ; \vec{s}^{N}, t^{N})arrow=2(2p_{1}-1)s_{i}^{N}+3p_{1}-1,$ $(0\leq s_{1}^{N}\leq 1/2)$ .
( $N$-2) $u_{2}^{(0)}(\vec{q}^{N},\vec{r}^{N};\vec{s}^{N}, t^{N})arrow=p_{1}+3/4.$
$\psi$ , $\in M_{1}^{(0)},$ $s_{1}^{(0)*}=1/4,$ $t_{1}^{(0)*}=3/4$




(1) $p_{1}>1/2$ $0\leq s_{1}^{N}<1/4$ $v_{1}^{(0)*}>u_{1}^{(0)arrow N}(q^{arrow N},\vec{r}^{N};\vec{s}^{N}, t)$
$1/4<s_{1}^{N}\leq 1/2$ $v_{1}^{(0)*}<u_{1}^{(0)}(q^{arrow N},\vec{r}^{N},\vec{\mathcal{S}}^{N^{arrow}},t^{N})$ $p_{1}<1/2$
$p_{1}=1/2$ $s_{1}^{N}$ $v_{1}^{(0)}$
$s_{1}^{N}\neq 1/4$ ([9]) Aumann-Maschler Paradox
Nash Maximin
1 $v_{1}^{(0)}$ Nash




( $I$-l.l): 1 $I_{1.1}$ output
$z_{1},$ $z_{2},$ $z_{5},$ $z_{6}$ $u_{1}^{I_{1.1}}(q^{arrow};\vec{s},\overline{t})$
$u_{1}^{I_{1.1}}(q^{arrow};\vec{s},\overline{t})=4q_{1}s_{1}+2q_{1}s_{2}+3q_{2}t_{1}+q_{2}t_{2}$
$v_{1}^{I_{1.1}}={\rm Max}\{{\rm Min}\{u_{1}^{I_{1.1}}(\vec{q};\vec{s}, t\gamma_{;\vec{s}}, t\};q^{\prec}\}arrow$




( $I$-1.2): 1 $I_{1.2}$ output
$z_{3},$ $z_{4},$ $z_{7},$ $z_{8}$ $u_{1}^{I_{1.2}}(\vec{r};\vec{s},\overline{t})$
$u_{1}^{I_{1.2}}(\vec{r};\vec{s},\overline{t})=-3r_{1}s_{1}-r_{1}s_{2}-2r_{2}t_{1}$










$I_{1.1}$ $v_{1}^{I_{1.1^{*}}}\equiv u_{1}^{I_{1.1}}$ $(q^{arrow*};\vec{s}^{*}, t^{*});q^{arrow*}arrow\in M_{1}^{I_{1.1}},$ $(\vec{s}^{*}, t^{*})arrow\in$
$M_{2}^{(0)}$
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